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Abstract

This paper illustrates how the Zipf-Mandelbrot law can
emergein languageasa resultof minimisingthecostof cat-
egorisingsensoryimages.Thecategorisationis basedon the
discriminationgamein whichsensorystimuli arecategorised
at differenthierarchicallayersof increasingdensity. Thedis-
criminationgameis embeddedin a variantof the language
gamemodel,calledthesel�sh game,which in turn is embed-
dedin the framework of iteratedlearning. The resultsindi-
catethata tendency to communicatein generalterms,which
is lesscostly, can contribute to the emergenceof the Zipf-
Mandelbrotlaw.

Intr oduction
Oneof themostsounduniversaltendenciesobservedin hu-
manlanguagesis thatwhenwordsarerankedaccordingto
their occurrencefrequency in a descendingorder, the fre-
quency f is inverselyproportionalto its rankk accordingto
f � Ck � B, whereB � 1 andC is a constant,seeFigure1.
This �nding wasdiscoveredby G. K. Zipf (Zipf, 1949),and
hassincebeencalledZipf's law. Besidesits observationin
linguistics,Zipf 's law hasalsobeenobserved in economy,
physics,biology, demography, socialsciencesetc. (Günther
et al., 1996).

Zipf explainedhis �nding in termsof leasteffort (Zipf,
1949).He assumedthatspeakerswantto minimisearticula-
toryeffort, thusminimisingthelengthof anutterance,which
tendsto promoteambiguityin language.On theotherhand,
hearerswantto haveoptimalclarity to interpretthemeaning
of anutteranceunambiguouslywith theleasteffort. Ful�ll-
ing theneedsof bothagentsleadsto a trade-off, which Zipf
calledtheprincipleof leasteffort (Zipf, 1949).Althoughthe
observationof Zipf 's law in real linguistic datais sound,it
hasonly recentlybeenshown empirically in analife model
thattheprincipleof leasteffort indeedleadsto aZip�an dis-
tribution (Ferreri CanchoandSoĺe,2003).

In 1953,Mandelbrotderivedamoregeneralexpressionof
Zipf 's law, whichexplainssmalldifferencesbetweenZipf 's
law andreal linguistic data,notablyfor the �rst few ranks
(Mandelbrot,1953). Accordingto theZipf-Mandelbrot law
the frequency f of a word is relatedto its rank k as f �
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Figure 1: This plot shows both Zipf 's law and the Zipf-
Mandelbrotlaw. Mandelbrot's formulawasdrawn with pa-
rametersC � 10,V � 10andB � 1 � 35(theseparametersare
illustrativeandnotjusti�ed). Thegraphshowsthefrequency
distribution f asa functionof therankk.

C
�

k � V �

� B, whereC � V andB areconstants.WhenV � 0
andB � 1, thisexpressionequalsZipf 'slaw. Figure1 shows
bothlaws plottedon theusuallog-log scale.It appearsthat
Mandelbrot's equation�ts linguistic databetterthanZipf 's
equation(Mandelbrot,1953). The derivation of Mandel-
brot'sformulawasbasedonminimisingthearticulatorycost
in termsof word length(Mandelbrot,1953).1

In additionto Zipf 's leasteffort andMandelbrot's mini-
mum costexplanations,many otherexplanationsof Zipf 's
law have beenproposedthat, too, focuson the relationbe-
tweenword lengthand its frequency. For example,it has
beenshown that randomly generatedtexts exhibit Zipf 's
law (Li, 1992),andsodoesthe frequency distribution with
whichmonkeyspressthekeysof atypewriter (Miller, 1957).
This was explained by noting that generatingshorterse-

1I sometimesreferto Zipf 'slaw whenI referto thephenomenon
that ranked wordsoccurwith arefrequency distribution described
by a hyperbola,irrespective whetherexpressedby Zipf 's or Man-
delbrot's equation.Whererelevant,thedistinctionwill bemade.



quencesis morestatisticallylikely thangeneratinglongones
(Li, 1992). Explanationsthatdo not explain theemergence
of Zipf 's law in termsof articulatoryeffort focus on fre-
quency effects.More frequentlyusedwordsaremorelikely
to beselectedin communication(Güntheretal.,1996).This
effect hasbeenshown in a simulationwherespeakers se-
lect wordsbasedon occurrencesin theprecedingdiscourse
(Tullo andHurford,2003).

This paperinvestigatestheemergenceof a Zip�an distri-
bution in languageastheresultof aminimumcostprinciple
(Mandelbrot,1953),basedon Steels'languagegamemodel
(Steelset al., 2002). However, in contrastto Mandelbrot's
derivation,thecostwill not beminimisedby optimisingthe
word length,but ratherby trying to minimisecomputational
costsat the cognitive level of categorisation. As common
in languagegamemodels,categorisationwill be doneus-
ing discriminationgames(Steels,1996). A recentdiscov-
ery (Vogt, 2004)revealedthatZip�an distributionsof word
frequencieshademergedin roboticstudiesbasedonthelan-
guagegames,suchasreportedin (Vogt, 2000). This paper
studiesthe hypothesis,suggestedin (Vogt, 2004), that the
emergenceof Zipf 's law maybeexplainedby a tendency to
usegeneralcategoriesin communicationas a principle of
minimumcost.

Thenext sectionoutlinesthemodelwith which thestudy
was done. Then the resultsare presented,which are dis-
cussedin thesubsequentsection.The�nal sectionprovides
conclusions.

The model
The study was done using the simulation toolkit THSim
(Vogt, 2003b),which mimics aspectsof theTalking Heads
experiment(Steelset al., 2002).2 THSim implementsa
numberof differentlanguagegamesthatcanbeincorporated
by a populationof agents. In the currentstudy, the pop-
ulation plays sel�sh games– independentlydevelopedby
SmithandVogt (Smith,2003;Vogt, 2000)– wherehearers
guessthe referencefrom utterancesproducedby speakers,
andlearningisachievedbycross-situationalstatisticallearn-
ing (Vogt andSmith,2004). By engagingin sel�sh games,
agentsdevelop a repertoireof categories,which form the
meaningsof word-formsthe agentsdevelop aspart of the
sel�sh game.

The exact detailsof the sel�sh gamesare irrelevant for
the purposesof this paper, similar resultshave beenob-
served with – on languagegamesbased– guessinggames
(unpublished)andobservationalgames(Vogt, 2004).3 Fig-
ure2 illustratestheworking of thesel�sh games.In a self-
ish game,two agents– a speaker and a hearer– are se-
lectedfrom the population. Both agentslook at a context

2TheTHSim toolkit containingthecodeof thepresentstudyis
availableat http://www.ling.ed.ac.uk/˜paulv/thsim.html.

3Consult,e.g., (Vogt, 2000; Vogt, 2003b)for a descriptionof
theselanguagegamemodels.

wateva

situation 1

wateva

situation 2

Figure2: Two situationsof sel�sh gamesillustratethework-
ing of cross-situationallearning.Whena learner�rst hears
the word “wateva” in a context with squaresand a circle
(situation1), andlater in a situationwith a circle,a triangle
anda polygon(situation2), thenshecaninduce– basedon
co-occurrences– theknowledgethat “wateva” refersto the
circle.

(or situation)that containsa numberof colouredgeometri-
cal shapes.Thespeaker selectsoneshapeasthetopic, tries
to categorisethis topic andproducesanutteranceto convey
its reference.If thespeaker hasno way to expressa partic-
ular category (or meaning),sheinventsa new word-form.
Whenthehearerreceivesanutterance,shetriesto interpret
the utteranceby guessingwhich shapethe speaker intends
to convey. The hearercategorisesall shapesandsearches
theassociationbetweentheutteranceandcategory thatbest
matchestheutterancein thegivensituation. This selection
is basedonmaximisingtheprobabilityP

�

m� w� thatgivenan
utterancew, it meansmeaningm, providedthereferenceof
the meaningis in the context. Theseprobabilitiesareesti-
matedaccordingto word-meaningoccurrencesin previous
situations.This learningmechanismhasbeencalledcross-
situationalstatistical learning (Vogt andSmith, 2004)and
worksonthesameprincipleasthecross-situationallearning
modelintroducedby Siskind(Siskind,1996).

The sel�sh gamesare embeddedin a cultural evolution
wherethe languageoriginatesandis transmittedfrom one
generationto thenext culturally, i.e., theagents'morpholo-
giesremainthesamethroughoutthecourseof evolution. At
the startof eachagent's lifetime, her linguistic knowledge
is non-existent; this developsontogenetically. The evolu-
tion is modelledusing the iteratedlearningmodel (Kirby,
2002),which implementsthepopulationdynamicsthrough
iteratinglargesequencesof sel�sh gamesplayedby thepop-
ulation. In eachiteration,wherea given numberof sel�sh
gamesareplayed,thepopulationcontainsadultandlearner
agents. The adultsareassumedto have masteredthe lan-
guage,whichthelearnerslearnbyactingashearersin sel�sh
gameswith anadultasspeaker. At theendof eachiteration,
the adults`die' andare replacedby the learners,andnew
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Figure3: Thehierarchicallayeringof categoriesusingapro-
totype representation.Eachlayer l acceptsup to nl cate-
gories,which form Voronoi segmentsin then-dimensional
conceptualspace.In theexampleheren � 2.

learnersenterthe population. This continues,in principle,
inde�nitely. Theremainderof thissectionexplainsthecate-
gorisationprocessof thediscriminationgamein moredetail.

The discrimination game
Theagentscategoriseandform meaningsusingthediscrim-
inationgamemodelproposedby Luc Steels(Steels,1996).
Theaimof anagentplayingadiscriminationgameis to cat-
egorisean object (the topic) suchthat it distinguishesthe
topicfrom all otherobjectsin thecontext. In theoriginalim-
plementation(Steels,1996),categorieswererepresentedby
combinationsof nodesin abinarytree.In thecurrentimple-
mentation,categoriesarerepresentedby prototypesthatare
points in an n-dimensionalconceptualspace(Gärdenfors,
2000),wherethedimensionsarequality dimensionswhich
canbemeasuredby featuredetectors.For thepresentstudy,
theconceptualspaceis 6-dimensionalandis spannedby the
R, G andB channelsof theRGB colourspace,a shapefea-
ture4 andthex andy coordinates.

Thedistribution of prototypesleadsto a segmentationof
thespaceinto Voronoi areasformedby the regionsnearest
to theprototypes;theseVoronoisegmentsconstitutethecat-
egories. A hierarchicallayering of prototypesallows the
emergenceof a taxonomichierarchy of categories(Rosch,
1978), seeFig. 3. In this taxonomy, categorieson layers
of low densityaremoregeneralthanthosethatareon lay-
ersof high density. The densityD

�

l � of layer l is givenby
D

�

l �.- nl , wheren is thedimensionof theconceptualspace
S

�

l � . The costof categorisationis proportionalto the time
requiredto �nd a category thatdistinguishesthetopic from
therestof thecontext. In the layeredmodel,theagentscan
minimisecategorisationcostby searchingthedifferentlay-
ersfrom theleastdenselayerto themoredenseonesuntil a

4The shapefeatureis a valueproportionalto the shape's area
dividedby theareaof its smallestboundingbox (Vogt,2003b).

distinctioncanbemade– i.e., theagentstry to �nd themost
generalcategoriesto beusedin thecommunicationact.

Whenanagentparticipatesin thesel�sh game,shelooks
at thecontext C, which containsa numberof objects( � C �

�

4). The objectsareselectedrandomlywith a uniform dis-
tribution from a set of 10 different shapes,they are com-
bined with an arbitrarily selectedcolour from a set of 11
coloursandareplacedat anarbitrarily selectedpoint on the
2-dimensionaldisplay. For eachobjectoi /

C, theagentex-
tractsa6-dimensionalfeaturevectorf i describingtheobjects
in termsof its quality dimensionsasmentionedabove.

Thespeakerof thesel�sh gamenow selectsa topicot /

C
andplaysa discriminationgamestartingat layer l � 1 and
continuesat thenext layeruntil l � lmax or until thespeaker
found a distinctivecategory, seebelow. (lmax is the �nal
layer thathasat leastonecategory for increasingvaluesof
l .) Giventhiscategory, thespeaker triesto produceanutter-
anceby searchingits lexicon for a matchingword-meaning
association. If no suchassociationis found, the speaker
continuesat the next layer until l � lmax. Whenthe hearer
receivesan utterance,sheplaysa discriminationgamefor
eachobjectoi /

C startingat layer l � 1 andtries to inter-
pret theutteranceat layer l . This continuesuntil thehearer
interpretsthe utteranceor until l � lmax. Note that an ut-
teranceis interpretedwhenthehearerfoundan association
in its vocabularythatunambiguouslyidenti�es theutterance
with a meaning(readdistinctivecategory) that is consistent
with the resultof the discriminationgamesat layer l . This
doesnotnecessarilymeansthattheinterpretationis correct,
which is only thecaseif theidenti�ed objecto � ot .

Thediscriminationgameworksasfollows:

1. The feature vectors f i of all objects oi /

C are cate-
gorisedusingthe1-nearestneighbourhoodsearch(Cover
andHart,1967)appliedto theconceptualspaceat layerl .
Thisresultsfor eachvectorf i in acategoryci , represented
by theprototypeci nearestto f i.

2. Theagentthenveri�es whetherthetopic'scategoryct dis-
tinguishesthe topic from all otherobjectsin thecontext.
This holdswhenthereis a distinctivecategory (or mean-
ing) mt

� ct for which 021 o j /

C 354 ot 6

: c j
� ct .

3. If theredoesnot exists sucha meaning,thenadda new
categoryc – for whichthetopic'sfeaturevectorft is taken
asanexemplar(i.e.,c � ft ) – to the�rst hierarchicallayer
l thathasspace(i.e.,D

�

l �.7 nl ) andreturnwith failure.
4. Otherwisethecategory'sprototypect is movedtowardft

suchthatit becomesthecentreof massof thefeaturevec-
tors it distinctively categorisedandreturnthe distinctive
category mt . Note that if two categoriesbecomecloser
thanwithin a giventhreshold,they aremerged.

Notethatasthehearerhasto guessthetopic,sheconsid-
ersall objectsoi /

C asa potentialtopicandthereforeplays
a discriminationgamefor eachpotentialtopic at the given
layer. This yields a distinctive category setM, which con-



tains the meaningsof thoseobjectsthat have successfully
beendistinguished.

As the complexity of the searchin layer l is of order
o

�

D
�

l � � , the computationalcost increasesexponentiallyat
lower levelsin thetaxonomichierarchy(i.e., increasingval-
uesof l ).

Results

In orderto testthehypothesisthatminimisingthecategori-
sationcostscanleadto theemergenceof Zipf 's law, anex-
perimentwith 2 differentconditionswascarriedout.

Condition 1 No hierarchicallayeringof conceptualspaces
wasused(therewasonly onelayeravailableto eachagent
– and the density of the conceptualspacewas limited
by the agents'memory sizes,which limits were never
reached).

Condition 2 The hierarchicallayeringas describedabove
waspresent.

For both conditions10 trials of the simulationwererun
for 10 iterationsof 100,000sel�sh games.The population
in eacheachiterationcontainedatotalof 10agents(5 adults
and5 learners).All speakerswereselectedfrom the adult
population,but in orderto prevent the emergenceof many
differentlanguages,only 90%of thehearerswerelearners,
the otherswereadults,consult(Vogt, 2003a)for a discus-
sion.

Figure4 summarisesthemostimportantresultsof theex-
periment. The two top �gures and the leftmost �gure on
the bottomrow show the ranked frequency distributionsof
9 randomlyselectedagentsthroughouttheir lifetime (from
eachgeneration1 agent)plottedon a log-log scale. In ad-
dition, these�gures show the approximatedcurve of the
Zipf-Mandelbrotequationwith parametersettingsasspec-
i�ed shortly.

Thetopleft graphshowstheresultsof condition1, i.e.,the
run without hierarchicallayeringof categories.Clearly, the
frequency distribution doesnot reveal the Zipf-Mandelbrot
law f � C

�

k � V �

� B with B � 1. This plot canbeapproxi-
matedby Mandelbrot'sequationwith V � 1400andB � 4,
which meansthat relatively many high rankedwordsoccur
almostequiprobable(V is high), while the occurrencefre-
quenciesof the remainingwordsdrop fasterthanthe Zipf-
Mandelbrotlaw with B � 1 would predict.5

The top right graphof Fig. 4 shows the frequency of
occurrencesof word-meaningassociationsemerging under
condition 2. This plot shows a curve similar to the Zipf-
Mandelbrotcurve (Fig. 1), which after a �rst small pe-
riod transfersin an almoststraight line with a slopenear

5Theparametervaluesgivenareroughestimations;they arenot
obtainedfrom statisticalanalysis,but thesolid linesin theplotsof
Fig. 4 show thecorrespondingcurve.

-1 (V � 3 and B � 1 � 2), which is typical for the Zipf-
Mandelbrotlaw observed in natural languages. This �g-
ure shows the frequency distribution of word-meaningas-
sociationsratherthanthe distribution of word occurrences.
Whentherankedfrequency distributionof wordoccurrences
is plottedagainstthe rankk, anapproximationof theZipf-
Mandelbrotlaw emergeswith a valueof V � 80 andB � 5,
seeFig. 4 (bottomleft).

In the condition 2 simulation, the categories of word-
meaningsthat occupy conceptualspacesof higherdensity
(i.e.,highervaluesof l ) have lower frequencies,whichcon-
�rms the hypothesisthat reducingthe computationalcost
of categorisationcan lead to the emergenceof the Zipf-
Mandelbrotlaw, seeFig. 4 (bottomright).

Not shown in the graphsarethe communicative success
of the two experiments.Communicative successmeasures
the averagenumberof successfulsel�sh gamesover some
window of time (a sel�sh gameis successfulif the hearer
guessedtheright topic). Thesimulationof condition1 leads
to anaveragecommunicative successof 69� 3 � 0 � 3 % over
the�nal 10,000games,whereascondition2 yieldsanaver-
ageof 51� 2 � 0 � 3 %. Notethatthecommunicativesuccessis
averagedover the �nal 10,000gamesof thesimulationand
averagedoverall 10 trials.

Discussion
Minimising the computationalcosts of categorisation by
trying to generalisethe categorisationasmuchaspossible
does,indeed,leadto theemergenceof theZipf-Mandelbrot
law (Mandelbrot,1953). Moreover, Mandelbrot's equation
matchestheresultsbetterthanZipf 'soriginalequation.That
theemergenceof theZipf-Mandelbrotlaw is causedby min-
imising the cost of categorisationthroughthe hierarchical
layeringof conceptualspacesis prominentlyvisible in the
bottomright graphof Fig. 4, asthecategoriesof lower fre-
quency tendto occupy conceptualspacesof higherdensity.

TheMandelbrot-Zipflaw emergesonly for therankedfre-
quency distributionsof theoccurrenceof word-meaningas-
sociations, ratherthan thoseof words, becauseas an arti-
factof thelanguagegamemodel,wordstendto have multi-
ple associationswith differentmeaningsat differentlayers.
Nevertheless,thesedifferentmeaningsreferto thesameob-
jects in differentsituations. In humanlanguage,however,
meaningsat different hierarchicallayerstend to have dif-
ferent words – e.g., animal, dog and spaniel. Assuming
we canbettermodela one-to-onebiasin word-meaningas-
sociations,see,e.g., (Smith, ming), thusspecifyingdiffer-
ent taxonomieswith morespeci�c words,I decidedto look
at word-meaningsasatomicelementsratherthanat words
alone.

Theagents(bothasspeakerandashearer)donotoptimise
theeffectivenessof their languageuse,but ratherminimise
the computationalcost of categorisation. This aspectis a
prominentreasonwhy thecommunicativesuccessof condi-
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Figure4: Top left: The frequency distribution of theoccurrencesof word-meaningassociationsasa functionof the rank in
condition1. Top right: Thefrequency distribution of theoccurrencesof word-meaningassociationsin condition2. Bottom
left: Thefrequency distribution of word occurrencesin condition2. Bottom right: Thehierarchicallayersl occupiedby the
categoriesof rankk relatingto oneof theagentsin condition2 from theprevioustwo graphs.The�rst threegraphsadditionally
showstheMandelbrotequationimposedwith parametersettingsasgivenin thetext.

tion 2 stayswell behindthe successof condition1, where
theagentsdosearchtheentirelexicon for associations,thus
including thosethat allow more effective communication.
Hence,minimising thecostof categorisationwhile not op-
timising communicativesuccesscausesa trade-off between
effort andunderstandability, which wasthe basisof Zipf 's
principle of leasteffort (Zipf, 1949). It is likely thatZipf 's
law will not emergewhentheagentsoptimisefor effective-
ness,which – of course– is costly, whena hierarchicaltax-
onomy of categoriesis maintained. However, the current
level of successis too low to be acceptable.Futurework
should investigatehow the successof the communication
canincreasewithout increasingthecosttoomuch.

Conclusions

This papershows that theZipf-Mandelbrotlaw canemerge
as a result of minimising the cost of categorising sensory

stimuli. The emergenceis striking, becauseno aspectof a
Zip�an distributionwasput in themodel:not in thedistribu-
tion of objectstheagentscategorise,nor in thedistribution
of categoriesin thehierarchicallylayeredconceptualspaces.

To investigatethe validity of the generalhypothesisthat
minimisingthecostof categorisationdoesleadto theemer-
genceof Zipf 's law in humanlanguage,it would be inter-
estingto investigateto what extent the shorterwordsused
in real languagesareindeedthemoregeneralterms.If that
is thecase,it shouldalsobe investigatedto whatextent the
more generalcategoriesare indeedcognitively lesscostly
to categorise,suchasappearsto be thecasefor basiclevel
categoriesasopposedto theirsuperordinateandsubordinate
categories(Rosch,1978).

It is importantto stressthat I do not claim thatminimis-
ing costof categorisationis themechanismfor theobserva-
tion of theZipf-Mandelbrotlaw in naturallanguages;there



aretoo many possibleexplanationsaroundto make sucha
hard claim (Güntheret al., 1996). Furthermore,the most
frequentlyusedwordsarefunctionwords,suchas`the' and
`a', whichcarrynomeaningin thesenseusedhere(although
onemight arguethat thesewordshave very generalmean-
ings,or at leastareapplicablein a verygeneralway).

However, humansundoubtedlytry to minimisethe cog-
nitive effort to categorisesensorimotorevents. It is there-
foreplausiblethatthetendency to usegeneralisedcategories
is a bias that – in addition to other biases, suchasreduc-
ing articulatoryeffort (Mandelbrot,1953; Zipf, 1949)and
other frequency relatedapproaches(Güntheret al., 1996;
Tullo andHurford,2003)– yieldstheemergenceof theZipf-
Mandelbrotlaw.
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