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Abstract

This paper illustrates howv the Zipf-Mandelbrot law can
emegein languageasa resultof minimising the costof cat-
egorisingsensorjimages.The categyorisationis basedon the
discriminationgamein which sensorystimuli arecategorised
atdifferenthierarchicalayersof increasingdensity Thedis-
criminationgameis embeddedn a variantof the language
gamemodel,calledthesel sh gamewhichin turnis embed-
dedin the framework of iteratedlearning. The resultsindi-
catethatatendeng to communicatén generaterms,which
is lesscostly can contrikute to the emegenceof the Zipf-
Mandelbrotaw.

Intr oduction

Oneof themostsounduniversaltendenciesbseredin hu-
manlanguagess thatwhenwordsareranked accordingto
their occurrencerequeng in a descendingrder, the fre-
gueng f is inverselyproportionalto its rankk accordingto
f Ck B whereB 1 andC is aconstantseeFigurel.
This nding wasdiscoveredby G. K. Zipf (Zipf, 1949),and
hassincebeencalledZipf's law. Besidests obsenationin
linguistics, Zipf's law hasalsobeenobsenedin economy
physics biology, demographysocialscience®tc. (Gunther
etal., 1996).

Zipf explainedhis nding in termsof leasteffort (Zipf,
1949).He assumedhatspealerswantto minimisearticula-
tory effort, thusminimisingthelengthof anutterancewhich
tendsto promoteambiguityin languageOn the otherhand,
heareravantto have optimalclarity to interpretthe meaning
of anutterancaunambiguouslywith the leasteffort. Ful II-
ing the needsof bothagentdeadsto a trade-of, which Zipf
calledtheprinciple of leasteffort (Zipf, 1949). Althoughthe
obsenation of Zipf'slaw in reallinguistic datais soundi,it
hasonly recentlybeenshavn empiricallyin an alife model
thatthe principle of leasteffort indeedeadsto aZip an dis-
tribution (Ferreri CanchoandSolk, 2003).

In 1953,Mandelbrotderivedamoregenerakxpressiorof
Zipf'slaw, which explainssmall differencebetweerZipf's
law andreal linguistic data,notablyfor the rst few ranks
(Mandelbrot,1953). Accordingto the Zipf-Mandelbot law
the frequeng f of a word is relatedto its rank k as f
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Figure 1: This plot shawvs both Zipf's law and the Zipf-
Mandelbrotlaw. Mandelbrots formulawasdravn with pa-
rameterC 10,V 10andB 1 35(theseparameterare
illustrativeandnotjusti ed). Thegraphshovsthefrequeny
distribution f asafunctionof therankk.

Ck V B whereCV andB areconstantsWhenV 0
andB 1,thisexpressiorequalZipf'slaw. Figurel shavs
bothlaws plottedon the usuallog-log scale. It appearghat
Mandelbrots equationts linguistic databetterthanZipf's
equation(Mandelbrot,1953). The derivation of Mandel-
brot'sformulawasbasednminimisingthearticulatorycost
in termsof word length(Mandelbrot,1953)?

In additionto Zipf's leasteffort and Mandelbrots mini-
mum costexplanationsmary other explanationsof Zipf's
law have beenproposedhat, too, focuson the relationbe-
tweenword lengthandits frequeng. For example,it has
beenshavn that randomly generatedexts exhibit Zipf's
law (Li, 1992),andso doesthe frequeng distribution with
whichmonkeys presghekeysof atypewriter (Miller, 1957).
This was explained by noting that generatingshorter se-

1| sometimeseferto Zipf'slaw whenl refertothephenomenon
thatranked wordsoccurwith arefrequeng distribution described
by a hyperbola,rrespectve whetherexpressedy Zipf's or Man-
delbrots equation Whererelevant, thedistinctionwill bemade.



guencess morestatisticallylikely thangeneratindongones
(Li, 1992). Explanationghatdo not explain the emegence
of Zipf's law in termsof articulatory effort focus on fre-

gueng effects.More frequentlyusedwordsaremorelik ely

to beselectedn communicatior{Guntheretal., 1996). This

effect hasbeenshavn in a simulationwhere spealers se-

lect wordsbasedon occurrenceén the precedingdiscourse
(Tullo andHurford, 2003).

This paperinvestigateshe emegenceof a Zip an distri-
butionin languageastheresultof a minimumcostprinciple
(Mandelbrot,1953),basedn Steels'languageggamemodel
(Steelset al., 2002). However, in contrastto Mandelbrots
derivation,the costwill notbe minimisedby optimisingthe
word length,but ratherby trying to minimisecomputational
costsat the cognitive level of cateyorisation. As common
in languagegamemaodels,categorisationwill be doneus-
ing discriminationgames(Steels,1996). A recentdiscov-
ery (Vogt, 2004)revealedthat Zip an distributionsof word
frequencie®©rademepgedin roboticstudiesbasednthelan-
guagegamessuchasreportedin (Vogt, 2000). This paper
studiesthe hypothesissuggestedn (Vogt, 2004), that the
emegenceof Zipf'slaw maybeexplainedby atendeng to
usegeneralcategyoriesin communicationas a principle of
minimumcost.

The next sectionoutlinesthe modelwith which the study
was done. Thenthe resultsare presentedwhich are dis-
cussedn the subsequergection.The nal sectionprovides
conclusions.

The model

The study was done using the simulation toolkit THSIim
(Vogt, 2003b),which mimics aspectf the Talking Heads
experiment(Steelset al., 2002)2 THSim implementsa
numberof differentlanguaggyameshatcanbeincorporated
by a populationof agents. In the currentstudy the pop-
ulation plays sel sh games— independentlydevelopedby
SmithandVogt (Smith, 2003; Vogt, 2000)— wherehearers
guessthe referencefrom utterancegroducedby spealers,
andlearningis achiezedby cross-situationatatisticalearn-
ing (Vogt and Smith, 2004). By engagingn sel sh games,
agentsdevelop a repertoireof cateyories, which form the
meaningsof word-formsthe agentsdevelop as part of the
sel sh game.

The exact detailsof the sel sh gamesare irrelevant for
the purposesof this paper similar resultshave beenob-
sened with — on languagegamesbased- guessinggames
(unpublishedandobsenationalgames(Vogt, 2004)3 Fig-
ure 2 illustratesthe working of the sel sh games.In a self-
ish game,two agents— a spealer and a hearer— are se-
lectedfrom the population. Both agentslook at a context

2The THSimtoolkit containingthe codeof the presenstudyis
availableat http://wwwling.ed.ac.uk/"paulv/thsim.html.

3Consult,e.qg., (Vogt, 2000; Vogt, 2003b)for a descriptionof
thesdanguagegamemodels.
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Figure2: Two situationsof sel sh gamesllustratethework-

ing of cross-situationdlearning. Whena learner rst hears
the word “wateva” in a context with squaresand a circle

(situationl), andlaterin a situationwith a circle, atriangle
anda polygon(situation2), thenshecaninduce— basedon

co-occurrences the knowledgethat “wateva” refersto the
circle.

(or situation)that containsa numberof colouredgeometri-
cal shapesThespealer selectsoneshapeasthetopic, tries
to categorisethis topic andproducesan utteranceo corvey
its reference If the spealer hasno way to expressa partic-
ular category (or meaning),sheinventsa nenv word-form.
Whenthe hearemrecevesanutteranceshetriesto interpret
the utteranceby guessingwvhich shapethe spealer intends
to corvey. The hearercatgyorisesall shapesand searches
theassociatiorbetweerthe utteranceandcateyory thatbest
matcheghe utterancen the givensituation. This selection
is basedn maximisingthe probabilityP mw thatgivenan
utterancew, it meansmeaningm, providedthe referenceof
the meaningis in the context. Theseprobabilitiesare esti-
matedaccordingto word-meaningoccurrencesn previous
situations.This learningmechanismhasbeencalledcross-
situational statisticallearning (Vogt and Smith, 2004) and
worksonthesameprincipleasthecross-situationdearning
modelintroducedby Siskind(Siskind,1996).

The sel sh gamesare embeddedn a cultural evolution
wherethe languageoriginatesandis transmittedfrom one
generatiorto the next culturally, i.e., the agents'morpholo-
giesremainthe samethroughouthe courseof evolution. At
the startof eachagents lifetime, her linguistic knowledge
is non-eistent; this developsontogenetically The evolu-
tion is modelledusing the iteratedlearningmodel (Kirby,
2002),which implementsthe populationdynamicsthrough
iteratinglargesequencesf sel sh gameglayedby thepop-
ulation. In eachiteration,wherea given numberof sel sh
gamesareplayed,the populationcontainsadultandlearner
agents. The adultsare assumedo have masteredhe lan-
guagewhichthelearnerdearnby actingashearersn sel sh
gameswith anadultasspealer. At theendof eachiteration,
the adults“die' and are replacedby the learners,and new
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Figure3: Thehierarchicalayeringof catgoriesusingapro-
totype representation.Eachlayer | acceptsup to n' cate-
gories,which form Voronoi sggmentsin the n-dimensional
conceptuaspaceln theexampleheren 2.

learnersenterthe population. This continues,n principle,
inde nitely. Theremainderof this sectionexplainsthe cate-
gorisationproces®f thediscriminationgamein moredetail.

The discrimination game

Theagentsategyoriseandform meaningsisingthediscrim-
ination gamemodelproposedy Luc Steels(Steels,1996).
Theaim of anagentplayinga discriminationgameis to cat-
egorisean object (the topic) suchthatit distinguisheghe
topicfrom all otherobjectsin thecontext. In theoriginalim-

plementatior(Steels,1996),cateyorieswererepresentetly

combination®f nodedn abinarytree.In the currentimple-

mentation cateyoriesarerepresentetly prototypeghatare
pointsin an n-dimensionalconceptualspace(Gardenfors,
2000), wherethe dimensionsare quality dimensionsvhich

canbemeasuredy featuredetectorsFor the presenstudy

theconceptuaspacds 6-dimensionahndis spannedy the
R, G andB channelf the RGB colourspacea shapeea-
ture* andthex andy coordinates.

The distribution of prototypedeadsto a segmentationof
the spaceinto Voronoi areasformed by the regionsnearest
to the prototypestheseVoronoisegmentsconstitutethe cat-
egories. A hierarchicallayering of prototypesallows the
emegenceof a taxonomichierarchy of categories(Rosch,
1978),seeFig. 3. In this taxonomy categyorieson layers
of low densityare moregeneraltthanthosethatareon lay-
ersof high density ThedensityD | of layerl is givenby
D | n',wherenisthedimensionof the conceptuaspace
S| . The costof categyorisationis proportionalto the time
requiredto nd a category thatdistinguisheghe topic from
therestof the contet. In the layeredmodel,the agentscan
minimise catgyorisationcostby searchinghe differentlay-
ersfrom theleastdensdayerto the moredenseonesuntil a

4The shapefeatureis a value proportionalto the shapes area
divided by theareaof its smallesthoundingbox (Vogt, 2003b).

1. The feature vectorsf; of all objects o

distinctioncanbemade-i.e.,theagentdry to nd themost
generakateyoriesto be usedin the communicatioract.
Whenanagentparticipatesn the sel sh game shelooks
atthe context C, which containsa numberof objects( C
4). The objectsare selectedrandomlywith a uniform dis-
tribution from a setof 10 differentshapesthey are com-
bined with an arbitrarily selectedcolour from a setof 11
coloursandareplacedat anarbitrarily selectegoint on the
2-dimensionatlisplay For eachobjecto; C, theagentex-
tractsa6-dimensionaleaturevectorf; describingheobjects
in termsof its quality dimensionsasmentionedabove.
Thespealerof thesel sh gamenow selectatopico; C
andplaysa discriminationgamestartingat layerl 1 and
continuesatthenext layeruntil | | ax or until the spealer
found a distinctive category, seebelow. (Imax is the nal
layerthathasat leastone cateyory for increasingvaluesof
|.) Giventhis category, thespealertriesto produceanutter
anceby searchingts lexicon for a matchingword-meaning
association. If no suchassociationis found, the spealer
continuesat the next layeruntil | | hax. Whenthe hearer
recevesan utterance sheplaysa discriminationgamefor
eachobjecto; C startingatlayerl 1 andtriesto inter-
pretthe utteranceat layerl. This continuesuntil the hearer
interpretsthe utteranceor until | Ihax Note that an ut-
terances interpretedwhenthe hearerfound an association
in its vocalulary thatunambiguouslydenti es the utterance
with a meaning(readdistinctivecategory) thatis consistent
with theresultof the discriminationgamesat layer|. This
doesnot necessarilyneanghattheinterpretatioris correct,
whichis only thecasef theidenti ed objecto  o.
Thediscriminationgameworks asfollows:

C are cate-
gorisedusingthe 1-nearesheighbourhoodearch(Cover
andHart, 1967)appliedto theconceptuaspaceat layerl.
Thisresultsfor eachvectorf; in a cateoryc;, represented
by the prototypec; nearesto f;.

2. Theagentthenveri es whetherthetopic'scatagoryc; dis-

tinguisheghe topic from all otherobjectsin the context.
This holdswhenthereis a distinctivecategory (or mean-
ingjm ¢ forwhich o C o :¢j ¢.

3. If theredoesnot exists sucha meaning thenadda new

catgyory c —for whichthetopic'sfeaturevectorf; is taken
asanexemplar(i.e.,c f;) —tothe rst hierarchicalayer
| thathasspaceg(i.e.,D |  nl) andreturnwith failure.

4. Otherwisethe cateyory's prototypec; is movedtowardf;

suchthatit becomeshe centreof massof thefeaturevec-
torsit distinctively categorisedandreturnthe distinctive
catggory my. Note thatif two categoriesbecomecloser
thanwithin a giventhresholdthey aremeiged.

Notethatasthe hearethasto guesghetopic, sheconsid-
ersall objectso; C asapotentialtopic andthereforeplays
a discriminationgamefor eachpotentialtopic at the given
layer. This yields a distinctive cateyory setM, which con-



tains the meaningsof thoseobjectsthat have successfully
beendistinguished.

As the compleity of the searchin layer | is of order
o D | , the computationakostincreasesexponentiallyat
lower levelsin thetaxonomichierarchy(i.e.,increasingval-
uesof I).

Results

In orderto testthe hypothesighat minimising the categori-
sationcostscanleadto the emegenceof Zipf's law, anex-
perimentwith 2 differentconditionswascarriedout.

Condition 1 No hierarchicalayeringof conceptuakpaces
wasused(therewasonly onelayeravailableto eachagent
— and the density of the conceptualspacewas limited
by the agents'memory sizes,which limits were never
reached).

Condition 2 The hierarchicallayering as describedabove
waspresent.

For both conditions10 trials of the simulationwere run
for 10 iterationsof 100,000sel sh games. The population
in eacheachiterationcontainedatotal of 10 agentq5 adults
and5 learners).All spealerswere selectedrom the adult
population,but in orderto preventthe emegenceof mary
differentlanguagesonly 90% of the hearersverelearners,
the otherswere adults, consult(Vogt, 2003a)for a discus-
sion.

Figure4 summarisethe mostimportantresultsof the ex-
periment. The two top gures and the leftmost gure on
the bottomrow show the ranked frequeng distributions of
9 randomlyselectedagentsthroughouttheir lifetime (from
eachgenerationl agent)plottedon a log-log scale. In ad-
dition, these gures shav the approximatedcurve of the
Zipf-Mandelbrotequationwith parametesettingsas spec-
i ed shortly

Thetopleft graphshovstheresultsof conditionl,i.e.,the
run without hierarchicallayeringof categories. Clearly, the
frequeng distribution doesnot reveal the Zipf-Mandelbrot
law f Ck V PBwithB 1. This plot canbeapproxi-
matedby Mandelbrots equationwith V' 1400andB 4,
which meanghatrelatively mary high ranked wordsoccur
almostequiprobablgV is high), while the occurrencdtre-
guencieof the remainingwordsdrop fasterthanthe Zipf-
Mandelbrotaw with B 1 would predict?®

The top right graphof Fig. 4 shaws the frequenyg of
occurrence®f word-meaningassociationemeging under
condition2. This plot shavs a curve similar to the Zipf-
Mandelbrotcurve (Fig. 1), which after a rst small pe-
riod transfersin an almoststraightline with a slope near

5Theparametevaluesgivenareroughestimationsthey arenot
obtainedfrom statisticalanalysisbut the solid linesin the plots of
Fig. 4 shav thecorrespondingurve.

-1 (v 3andB 12), which is typical for the Zipf-
Mandelbrotlaw obsenred in naturallanguages. This g-
ure shaws the frequeng distribution of word-meaningas-
sociationsratherthanthe distribution of word occurrences.
Whentherankedfrequeng distribution of word occurrences
is plottedagainstthe rank k, an approximationof the Zipf-
Mandelbrotaw emepgeswith avalueofV 80andB 5,
seeFig. 4 (bottomleft).

In the condition 2 simulation, the cateyories of word-
meaningshat occupy conceptuakpacesof higherdensity
(i.e., highervaluesof I) have lower frequencieswhich con-
rms the hypothesisthat reducingthe computationalcost
of categorisationcan lead to the emegenceof the Zipf-
Mandelbrotlaw, seeFig. 4 (bottomright).

Not shawn in the graphsare the communicatve success
of the two experiments. Communicatie successneasures
the averagenumberof successfukel sh gamesover some
window of time (a sel sh gameis successfulf the hearer
guessedheright topic). Thesimulationof conditionl leads
to anaveragecommunicatie succes®f 693 03 % over
the nal 10,000gameswhereasondition? yieldsanaver-
ageof512 0 3%. Notethatthecommunicatie successs
averagedover the nal 10,000gamesof the simulationand
averagedoverall 10trials.

Discussion

Minimising the computationalcosts of cateyorisation by
trying to generalisehe categorisationas much as possible
does,indeed Jeadto the emegenceof the Zipf-Mandelbrot
law (Mandelbrot,1953). Moreover, Mandelbrots equation
matchegheresultsbetterthanZipf'soriginal equation.That
theemegenceof theZipf-Mandelbrotlaw is causedy min-
imising the costof categorisationthroughthe hierarchical
layering of conceptuakpaceds prominentlyvisible in the
bottomright graphof Fig. 4, asthe cateyoriesof lower fre-
queng tendto occupy conceptuaspace®f higherdensity
TheMandelbrot-Zipflaw emegesonly for therankedfre-
queng distributionsof theoccurrencef word-meaningas-
sociations ratherthan thoseof words becauseas an arti-
factof thelanguagegamemodel,wordstendto have multi-
ple associationsvith differentmeaningsat differentlayers.
Neverthelessthesedifferentmeaningseferto the sameob-
jectsin differentsituations. In humanlanguage however,
meaningsat different hierarchicallayerstendto have dif-
ferent words — e.g., animal, dog and spaniel. Assuming
we canbettermodela one-to-onébiasin word-meaningas-
sociations see,e.g., (Smith, ming), thus specifyingdiffer-
enttaxonomiesvith morespeci ¢ words,| decidedto look
at word-meaningss atomic elementgatherthan at words
alone.
Theagentgbothasspealerandashearer)donotoptimise
the effectivenessf their languageause,but ratherminimise
the computationakost of cateyorisation. This aspectis a
prominentreasonwhy the communicatie succes®f condi-
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Figure4: Top left: Thefrequeng distribution of the occurrence®f word-meaningassociationsasa function of the rankin
condition1. Top right: Thefrequeng distribution of the occurrence®f word-meaningassociationsn condition2. Bottom
left: Thefrequeng distribution of word occurrencedn condition2. Bottom right: The hierarchicallayersl occupiedoy the
cateyoriesof rankk relatingto oneof theagentsn condition2 from the previoustwo graphs.The rst threegraphsadditionally
shavsthe Mandelbrotequationmposedwith parametesettingsasgivenin thetext.

tion 2 stayswell behindthe succes®f condition1, where
theagentsdo searchthe entirelexicon for associationghus
including thosethat allow more effective communication.
Hence,minimising the costof cateyorisationwhile not op-

timising communicatie successauses trade-of between
effort and understandabilitywhich wasthe basisof Zipf's

principle of leasteffort (Zipf, 1949). It is likely that Zipf's

law will notemegewhenthe agentsoptimisefor effective-

nesswhich— of course- is costly, whena hierarchicatax-

onomy of categoriesis maintained. However, the current
level of successs too low to be acceptable.Futurework

shouldinvestigatehow the succesof the communication
canincreaseawithoutincreasinghe costtoo much.

Conclusions

This papershaws thatthe Zipf-Mandelbrotlaw canemepge
as a result of minimising the costof cateyorising sensory

stimuli. The emegenceis striking, becauseno aspectof a
Zip an distributionwasputin themodel: notin thedistribu-
tion of objectsthe agentscateyorise,nor in the distribution
of categyoriesin thehierarchicallylayeredconceptuaspaces.

To investigatethe validity of the generalhypothesighat
minimisingthe costof cateyorisationdoesleadto theemer
genceof Zipf's law in humanlanguagejt would be inter-
estingto investigateto what extent the shorterwords used
in reallanguagesreindeedthe moregeneratterms. If that
is the casejt shouldalsobeinvestigatedo whatextentthe
more generalcategyoriesare indeedcognitively lesscostly
to cateyorise,suchasappearso be the casefor basiclevel
catgyoriesasopposedo their superordinatandsubordinate
catgyories(Rosch,1978).

It is importantto stressthat| do not claim that minimis-
ing costof categorisationis the mechanisnfor the obsena-
tion of the Zipf-Mandelbrotlaw in naturallanguagesthere



aretoo mary possibleexplanationsaroundto make sucha
hard claim (Guntheret al., 1996). Furthermorethe most
frequentlyusedwordsarefunctionwords,suchasthe' and
“a', whichcarrynomeaningn thesenseisedhere(although
one might amgue that thesewords have very generalmean-
ings,or atleastareapplicablein avery generalway).

However, humansundoubtediytry to minimise the cog-
nitive effort to categorisesensorimotoevents. It is there-
fore plausiblethatthetendenyg to usegeneralisedateories
is a biasthat— in addition to other biases suchasreduc-
ing articulatoryeffort (Mandelbrot,1953; Zipf, 1949)and
other frequeny relatedapproachegGuntheret al., 1996;
Tullo andHurford,2003)-yieldstheemegenceof the Zipf-
Mandelbrotaw.
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